oes cross-training workers allow a firm to achieve economies of scale when there is variability in the content of work, or does it create a workforce that performs many tasks with consistent mediocrity? To address this question we integrate a model of a stochastic service system with models for tenure-and experience-based service quality. When examined in isolation, the service system model confirms a well-known "rule of thumb" from the queueing literature: Flexible or cross-trained servers provide more throughput with fewer workers than specialized servers. However, in the integrated model these economies of scale are tempered by a loss in quality. Given multiple tasks, flexible workers may not gain sufficient experience to provide high-quality service to any one customer, and what is gained in efficiency is lost in quality.
Introduction

Problem and Context
A true story: A young couple is expecting their first child, and the mother-to-be begins labor. They quickly start driving to the hospital where their midwife is waiting for them. Traffic is bad, and the labor is progressing much more rapidly than their birthing class led them to expect. Along the highway they see a sign for an emergency clinic. Relieved, they pull over and run into the admitting room. "My wife's having a baby!" the husband says to the sole doctor present that night. "A baby? I haven't delivered one since I was a resident, 16 years ago." Fortunately this story ended happily for all involved.
Why was there no obstetrician at the clinic that night? Because it would be prohibitively expensive to staff such a clinic with specialists. It is a well-known fact from the study of queues that, all things being equal, staffing flexible servers is more efficient than using specialists when customers are heterogeneous in the skills they require. This is the case with medical This is a corrected version of the original paper. The corrections cover the order of several subsections within the the text, but do not alter the contents.
services, the Department of Motor Vehicles, call centers in the financial services, and computer technical support lines, among many other service facilities.
Unfortunately, all things are rarely equal. Many things can be unequal between specialists and generalists in a service setting. Either may be more expensive than the other, and the cost difference depends upon the setting. A medical specialist typically receives higher compensation than a general practitioner. On the other hand, a technical support person conversant in several operating systems may receive a higher salary than one with a narrow skill set. Specialists may be faster service providers than generalists who constantly switch between tasks of different types.
While cost and speed of service are the traditional concerns for researchers who model service systems as networks of queues, our story illustrates that the skill of a server and the quality of service delivered can also be unequal for generalists and specialists. Much of this difference in skill can be attributed to differences in experience. The problem with the emergency room doctor in the story was not that he was improperly trained, but that he almost never encountered patients in labor. The same situation may hold for a customer service representative who answers a wide range of customer calls. The representative may serve some subgroups of customers poorly because she does not accrue enough experience with their specific needs.
In this paper we study the trade-off between the cost efficiency provided by cross-trained or generalist workers and the experience-based quality provided by specialists. To accomplish this we integrate a model of a queueing system that includes multiple types of servers, a model of an individual worker's career path, and a model of experience-based learning. This integrated model provides managers and analysts with a framework for investigating how the design of a service system can affect service quality. In particular, the model links decisions about staffing policies and worker specialization with the learning curves of individual workers, system costs, and service quality.
Previous Literature
While the literature on the individual subjects of service processing systems, learning curves, and the modeling of turnover and career paths is quite large and spans many disciplines, we believe that our work is the first to integrate the three. Some researchers have studied the control problem of how to hire, fire and promote workers to maintain appropriate staff levels when career paths are stochastic (Grinold and Stanford 1974, Gaimon and Thompson 1984) . Grinold (1976) , Gerchak et al. (1990) , and Bordoloi et al. (1998) consider variations of this control problem when learning is present. This is, to our knowledge, the existing work that comes closest to addressing the problems we consider here. We cite the relevant work from the three areas mentioned above as we develop our model.
Paper Overview
Our goal in this paper is to develop a relatively general staffing model that captures the inherent trade-off between efficiency and quality that cross-trained or generalist workers offer. We consider a firm that serves two types of customers, A and B, each requiring a server with a distinct set of skills. The firm must decide how many employees specializing in each type of customer to hire and how many cross-trained workers capable of serving both A and B customers to hire. According to a predefined routing protocol, customers are served by either the appropriate specialist or a generalist. In our model, a customer who finds that all servers of the appropriate type are busy leaves without service.
The model defines the output of the system as the revenue derived from served customers, where revenue varies with the quality of service. The quality of service depends on the cumulative experience of the server and is independent of the length of time a customer spends in the system. The cumulative experience of the server is, in turn, determined by both the length of employment of that server and the fraction of the work experience spent developing the skills needed for this particular customer.
We define the system performance as the gross profit to the firm: The monetary value of the output less the labor and variable technology costs. The two components of this performance measure suggest a trade-off. Flexible servers should be more efficient and may reduce costs. However, by our measure flexible servers may also offer lower quality, for they may have developed a large set of skills but have mastered none. Numerical experiments with the model confirm this insight. In addition, the model provides us with a useful tool to evaluate when one side of this trade-off dominates the other, and it enables us to determine when an optimal mix of specialists and flexible servers provides significant benefits beyond the best of the extreme solutions, a completely specialized or flexible workforce.
In the next section we formulate our model by integrating a service process model with an employee tenure model and a model of experience-based learning. Section 3 describes the approximation method used to generate the results of our numerical experiments. Section 4 describes these experiments and provides insights into the factors that determine the optimal mix of specialists and cross-trained workers. The section ends with a case study in which the model is applied to data from an actual call center. Section 5 summarizes these results and discusses possible extensions of the model.
Model Formulation
In this section we develop our model from three distinct components: A service process model, an employee tenure model, and an experience-based learning model of service quality. The service process model determines whether a customer is served and, if so, who provides the service. The service process model together with the tenure and learning models determine the quality of the service the customers receive and its value to the firm. In this section we describe each of the models separately and integrate them in an expression for the average quality of service experienced by a customer. This expression is incorporated into an objective function that calculates the profit for the firm.
The Service Process Model
We consider a system that serves two types of customers, A and B. There are N A specialists who may serve only A customers, N B specialists for B customers, and N F flexible servers who can provide service to both types of customers. Arrivals occur according to Poisson processes with rates k A and k B . Service times are independent and exponentially distributed with rates l A and l B for the specialists and rate l F for the flexible servers.
1
In this paper we focus on quality of service as a function of server experience, rather than the more traditional focus on waiting time or time in system. Therefore, we assume that service standards, such as the average waiting time or fraction of customers served, are determined exogenously and appear as constraints in the model. There are many service standards both in the literature and in practice, and we choose to model a loss system with the service standard defined by the fraction of customers served. We find that this structure captures the key relationships between service standards, labor costs, and server utilization while being more amenable to analysis than systems with queueing. Figure 1 shows the routing of customers through our model. If the appropriate specialist is available, arrivals of either type immediately enter service. If all suitable specialists are busy, the customer "overflows" to a flexible server. If no flexible server is available, the customer leaves without service. Within each group of servers, arrivals are routed so that work is shared equitably among the servers.
For systems with no waiting space and static routing schemes between server groups, this customer routing scheme achieves the highest server utilization. For example, a system that sends customers to flexible servers first will have a lower throughput than our 1 The service rate for flexible servers may be an arbitrary function of l A and l B , for example a weighted average where the weights are volume driven. To make the analysis tractable we must assume that service times for flexible servers are distributed as an exponential random variable and are independent of the mix of customers in the system.
Figure 2
The Tenure Process specialist-first system, given identical staffing levels. While other routing schemes are possible, including dynamic ones, the one we have chosen occurs frequently in practice. In the numerical results section we discuss the impact of some alternative customer routings. 
(1)
The throughput statistics of the specialists are derived easily from Erlang's loss formula (Kleinrock 1975) . The behavior of the shared, flexible servers is more difficult to analyze because the arrival process is not Poisson but is instead characterized by bursts of arrivals that are sent when a group of specialists is fully occupied. While it is possible to solve for the exact throughputs of the flexible servers by numerical techniques for systems with small numbers of servers, it is impractical for large systems. In §3 we describe very accurate approximation methods to generate the throughput and server utilization statistics.
Tenure Process
The tenure of an employee is defined as the length of time from first starting a job to leaving the job for any reason, such as quitting, firing, promotion etc. We model the tenure of an individual employee as a random variable drawn from a mixed exponential probability distribution. The distribution function is derived from a career path model with a network structure that is described below.
The underlying assumption of the mixedexponential model is that a worker's career is divided into stages (see Figure 2 ) that can be modeled as states of a continuous time Markov chain. The tendency to end employment (by being fired or quitting) varies from stage to stage. The time a worker stays in a stage before leaving is exponentially distributed. There is a certain probability p that the worker progresses to the next stage and a probability 1‫מ‬p that the tenure comes to an end. We assume a two-stage model in which a worker begins in an uncommitted or probationary stage and either leaves or advances into a more committed stage in which the rate of departure is lower than the rate of departure from the first stage. In such a setting the tenure process is defined by three parameters: k 1 , k 2 , and k 3 . The parameter k 1 is the rate at which workers move from the first stage to the second stage; k 2 is the rate at which they end their employment in the first stage; k 3 is the rate at which workers in the second stage end their employment; and k 2 Ͼ k 3 . For a worker in the uncommitted stage,
If x is the total tenure of a worker, then the probability a worker who began at time 0 remains in the system at time t is
and the expected length of tenure is:
Several related alternative stochastic models of tenure appear in the literature (see Bartholomew et al. 1991) such as the inverse Gaussian model, the lognormal model, and the log-logistic model. The mixed exponential model has been effective in some cases, and the network structure is intuitively appealing and relatively easy to integrate into our framework. In addition, its intuitive interpretation suggests a greater ease of application and estimation. Now that we can describe the server's experience, the next step is to translate that experience into quality and revenue with a learning function.
Service Quality and the Value to the Firm of
Worker Experience When considering the role of experience-based learning in staffing decisions, a for-profit firm is ultimately concerned with the actual monetary value of worker experience. In a service setting, service quality is the mechanism by which experience is translated into firm value. In this section we construct a model of the relationship between worker experience and revenue by combining a model linking experience and service quality with a model linking service quality and firm revenue.
In the literature on service management, service quality has typically been defined as a multidimensional quantity. Parasuraman et al. (1991) describe five key dimensions to service quality (tangibles, reliability, responsiveness, assurance, and empathy) that can be measured using the proposed SERVQUAL survey instrument. To our knowledge, there have not been any empirical studies of the direct relationship between the customer's perceived service quality and worker experience, i.e., a service quality learning curve. However, it is clear that on some dimensions of service quality, such as reliability and assurance, experience worker replacement is instantaneous. If there are significant, random delays between a worker's departure and the arrival of a replacement, then the firm faces the additional challenge of maintaining a given level of service in the face of variable capacity. Such conditions will affect the relative benefits of flexible and specialized workers. A solution to this problem is beyond the scope of this paper.
often has a positive effect. Here we assume that the service quality learning curve is of a similar form to that found in production environments. In the following paragraphs we describe the function in some detail and discuss the attributes that make this a reasonable choice.
The typical learning curve found in the production literature (Yelle 1979 ) is a log-linear function that estimates the labor input required to produce the kth unit of a product. Naturally, it is decreasing in k. In a service setting there can be enormous variability in the requirements of customers. A worker does not gain the same experience from each customer served, and the gain in experience is often greater for more complex and time-consuming cases. If we use service time as a surrogate measure of task complexity, we can recast the cumulative experience of a worker as the cumulative time b spent performing a task. For this application, the learning curve represents the quality of service for a particular task provided by a worker after b time units of work with that task. We define experience-based service quality as
where L is the quality of service provided by a worker with one time unit of experience and n l is a parameter determining the rate at which the quality improves (both L and n l may depend on the server and customer types). We believe that it is reasonable to assume that the function is increasing in b and that there is a diminishing marginal rate of return to experience, so that 0 Ͻ n l Ͻ 1. The value to the firm of increased service quality comes from many sources. Higher quality interactions with customers prevent rework in downstream business processes and increase the likelihood of sales of products and services during those interactions. Higher service quality can also lead to increased customer loyalty, thereby increasing future sales. Certain financial service firms consider their inbound call centers to be profit, rather than cost, centers. Revenue is generated by retaining customers, selling products to existing customers, and attracting new customers by establishing a reputation for service quality (Dunscombe et al. 1996 ). Here we asssume that the monetary benefits of service quality are again positive and show diminishing marginal returns. In accordance with these assumptions and to simplify the model formulation we assume that the monetary value to the firm of providing a customer with q units of quality is:
where M is the value of a single unit of service quality, 0 Ͻ n 2 Ͻ 1, and both M and n 2 may depend on the server and customer types. Combining Equations (5) and (6), we find that the revenue to the firm generated by a worker with b time units of experience in a particular task is
where , n ‫ס‬ n 1 n 2 and 0 Ͻ n Ͻ 1. In the re-
K ‫ס‬ L M mainder of this paper we refer to Equation (7) as the "learning curve."
To date, there are few empirical studies in the literature that would specify the precise forms of functions that link worker experience, service quality and firm revenue, and there are scenarios in which Equation (7) may not be appropriate. When job burnout is significant, quality may have a negative slope over some values of b (Cordes and Dougherty 1993) . When the service task is repetitive and customer volume is high, workers may quickly reach a peak in the learning curve. Then, some minimum utilization may be needed to maintain quality, but the length of tenure is irrelevant (in this case, a simpler form of this model would be appropriate). However, there are numerous service systems in which a server's accumulated experience has a positive impact on the service interaction. Examples include the medical staff in a hospital and call centers for medical services, hardware and software technical support, and financial services (which often require a complex mixture of customer support and sales). Function (7) has properties that are reasonable for these service systems: It is positive, increasing in experience, and offers diminishing marginal rates of return.
Given K, the parameter n may be determined by specifying a percentage increase in revenue during a proportional increase in experience b. If a factor of 10 increase in experience leads to a % increase in qualityderived revenue, then (10) In the rest of the paper we refer to the parameter as the "learning rate." A high says two things about service quality: That a server learns quickly and that a server has much to learn. Higher values of imply greater revenue per customer after a given amount of time on the job.
Note also that W(b) is unbounded from above, suggesting that in theory revenue could increase forever. When the traditional learning curve refers to task time, so that the greater the experience the faster the throughput, it is unreasonable to have an unbounded learning curve as most tasks have a minimum duration determined by physical constraints. An unbounded learning function is more appropriate when we consider improving quality through experience, because it is difficult to place an upper-bound on quality.
3 We note that even if were 100%, the learning rate slows dramatically as time advances. For example, if we measure time in weeks and set ‫ס‬ 100%, n Ϸ 0.3. Given this parameter, revenue rises by approximately 23% during the first week of experience and by approximately 3% in the tenth week.
Objective Function
We define the objective of the firm to be the maximization of expected gross profit (expected revenue less costs that are variable in the number of employees). We define the revenue of the system as the product of the number of customers served per unit time, and the monetary value of service experienced by these customers. In particular, the total quality output of the system
, where i ‫ס‬ A or B and j ‫ס‬ A,B or F, R ij is the number of type i customers served by type j servers and W(b ij ) is defined above in (7). Because we are also concerned with efficiency, we are interested in the costs of inputs. Our model contains 3 While standard techniques for measuring service quality such as the SERVQUAL instrument use finite scales, these instruments do not assume that service quality is a bounded quantity. These customer survey instruments do not measure service quality per se but rather the degree to which a firm is meeting customer's expectations of what the service quality should be. Customer expectations are always changing, and in many competitive environments customers will tend to demand increasing service quality.
PINKER AND SHUMSKY
The Efficiency-Quality Trade-Off of Cross-Trained Workers only costs that vary directly with labor. If N j is the number of type j workers where j ‫ס‬ A, B, or F, and c j is the corresponding cost per unit time of such workers, which may include supporting technology and training, then the total labor cost is defined as:
A A B B F F
The following is the expected profit of the firm:
We calculate the average quality, E[W(b ij )], by linking the models for tenure, learning, and service. We find it convenient to condition the probability distribution of b ij on y, the total time spent on the job by the server, so that the expected value is
where on the right-hand side, the outer brackets define an expectation with respect to y and the inner brackets are an expectation with respect to b ij given y.
To evaluate (11), we first note that because the conditional intensity of the arrival process to any group of servers is independent of the tenure state of the servers, arrivals to the process see time averages. This is the ASTA property, described in Melamed and Whitt (1990) . Therefore, the distribution of y is g y (t), as defined in (4).
As for the distribution of b ij given y, we show that when the expected time it takes to provide service (1/ l j ) is significantly shorter than the time on the job (y), then is closely approximated by ( q ij y) n where
q ij is the long-run fraction of time that a type j worker spends on a type i job. Therefore,
To justify this approximation, we show that as the time on the job by a server increases, the relative approximation error vanishes. In addition, we demonstrate by simulation that convergence occurs quickly, so that for our application approximation error is negligible. Let Y represent the time spent on the job by a server. Here, we assume that Y is a given, constant value, and we will examine the accuracy of our approximation as Y increases. Let ⑀(Y) be the proportional deviation of the true expectation from the approximation:
The result of the following lemma ensures that this relative approximation error vanishes. For convenience, in the lemma and proof we write b ij as b and q ij as q, although the results apply to any type of service i and server j.
Lemma 1. Let Y be the total time on the job for a given server, and b represent the total time spent by the server on a particular task, and q be the long-run proportion of time the server spends on the particular task. Then,
Proof. The proof follows from an application of renewal theory. Appendix A restates the lemma and contains the details of the proof.
This lemma implies that lim Y→ϱ ⑀(Y) ‫ס‬ 0. The relative error of the approximation eventually disappears as the length of tenure grows. However, the lemma does not tell us how quickly the convergence occurs. We conducted numerous simulation experiments in which we compared the observed revenue W(b ij ) to the approximate value K ij (q ij Y) n , and averaged the errors over multiple simulation runs. Figure 3 displays the results of one set of simulations with one server of each type, expected service times of approximately four minutes, and a learning rate of ‫ס‬ 100%. The figure displays values of ⑀(Y) as Y grows, averaged across 500 simulation replications. We see that the relative approximation error falls off quickly. In fact, the average error for both specialist and generalist servers is less than 0.05% within two days of the beginning of each server's tenure. Additional simulations demonstrate that the convergence rate is faster for larger systems and for systems with smaller values of . For our application, because there is a high probability that customers observe values of the random variable y that Finally, note that our definition of total quality output,
, is most appropriate for service environments in which revenue is generated directly from the quality of each service encounter, e.g., if a high-quality service experience is more likely to lead to an additional sale. There are some environments in which revenue is more closely related to the average quality of service experienced by customers (such would be the case if the firm wishes to attract new customers by establishing a reputation for good service). It is not difficult to alter the revenue function for such cases, and we have found that our results, as presented in §4, remain essentially unchanged under these variations.
Service Process Approximation Method
In this section we describe procedures to generate the service process performance statistics, R ij and q ij , needed for calculating total quality throughput and overall system profit. Because the maximum number of customers in the system is finite, it is possible to generate these quantities by simple numerical techniques. Define a three-dimensional state space in which each dimension represents the number of customers visiting each type of server (A-specialist, B-specialist, and flexible). Then describe the balance equations between states and use a numerical procedure, such as the Gauss-Seidel procedure, to find the desired steady-state probabilities (Gross and Harris 1985) . While easily implemented for small numbers of servers, this procedure is impractical when the system is large. For example, a system with 50 servers of each type requires a state space with over 10 5 elements. Because these numerical techniques quickly become impractical, telecommunications engineers have studied these overflow systems for decades and have developed a variety of useful approximation procedures. The most common approximations are described by Wilkinson (1956) , Kukzura (1972) , Fredericks (1980) , and Whitt (1984) . Jagerman (1984) and Guerin and Lien (1990) provide summaries of the most important methods and test the accuracy of each.
The simplest, and perhaps the most well-known, approximation is Hayward's method, which estimates the blocking probability at the overflow queue with Erlang's formula after adjusting for the variability of the arrival process (Fredericks 1980 ). While we have tested this method, we propose an alternative. We adapt the method proposed by Kukzura (1972) in which each overflow process is approximated by an Interrupted Poisson Process (IPP). This approximation provides accurate results with a relatively small computational burden and is substantially more accurate for our application than Hayward's method. The IPP can be described as a Poisson arrival stream which is switched between "on" and "off" periods. The stream is on for an exponential period of time with mean c ‫1מ‬ and is off for an exponential period of time with mean x ‫1מ‬ . The first step in the approximation procedure is to determine the values of these parameters, given the parameters of the arriving traffic and the specialized servers. Kukzura (1972) derives equations that match the parameters of the actual overflow process with the parameters of the IPP, and these equations are summarized in Jagerman (1984) .
In our system, the flexible servers see two overlapping IPPs. To describe the number of customers in service with a flexible server, we define a twodimensional, continuous-time Markov process. One dimension represents the number of customers in service, while the other dimension represents the state of the IPPs. Appendix A describes the balance equations for this Markov process. The state space is relatively small, and steady-state probabilities for extremely large systems can be found in less than a second by numerical techniques.
To test the accuracy of this procedure, we found the system blocking probability, (14) A B by using both exact numerical and approximate procedures over a wide range of system configurations and customer loads. In experiments with a system with 20 servers overall, N A ‫ס‬ N B , l A ‫ס‬ l B , k A ‫ס‬ k B , and load factors (2k A )/(20l A ) from 0.6 to 1.2, the difference between the exact and approximate solutions was quite small. For example, when there are 10 flexible servers and 5 specialists of each type and the load factor is 0.8, the approximation underestimates the fraction not served by less than 0.0002. In tests with systems up to 100 servers, the approximation was always within 0.0005. The IPP approximation proved to be more accurate than the simpler Hayward's method. Hayward's method proved to be particularly inaccurate for systems with relatively few flexible servers and an overflow process characterized by long pauses and short bursts. For these systems, the error associated with the Hayward's method was 5 to 10 times larger than that of the IPP approximation.
Numerical Experiments
In the previous sections we developed a model for estimating the performance of a service system in terms of efficiency and quality of service. The model incorporates both worker learning and a description of the turnover process. In this section we conduct numerical experiments to derive insights into the benefits and costs related to the use of cross-trained workers in service systems. The first set of experiments ( §4.1) illustrates the basic dynamics of the model by investigating the impact of staff mix on cost and quality. Using a generic system with equal numbers of A and B customers, we examine how the model parameters affect the optimal choice of staff mix, and we identify the range of parameters over which this choice has a significant impact on system performance. We also investigate how the tenure process affects the workforce configuration.
While the first set of experiments develops general insights, the second ( §4.2) demonstrates how the model would aid in the design of a particular service center. We use data collected from the call center of a consumer bank to set certain parameters, such as the system size, the ratio of A and B customers, and the length of tenure. We then examine the impact of service system design on efficiency and quality. We compare the performance of an "optimal" design (in terms of the objective function Z) with a variety of other designs, including the design now in use by the service center.
Insights from a Symmetric System
For the following example we assume we are modeling a call center with two types of customers, A and B, who arrive according to Poisson processes. Because all parameters are the same across the two types of customers, we call the system "symmetric." Among the following parameters, the arrival rate, service rate, tenure, and cost parameters are based on survey data that were collected under the auspices of the Call Center Forum of the Wharton Financial Institutions Center (Evensen et al. 1998 ). We examine a more specific system culled from the results of the survey in §4.2. Here, our baseline system has the following parameters:
• l A ‫ס‬ l B ‫ס‬ l F ‫ס‬ 16/hour.
• k A ‫ס‬ k B ‫ס‬ 800/hour. Therefore, the arrival load on the system is equivalent to 2*800/16 ‫ס‬ 100 servers.
• C A ‫ס‬ C B ‫ס‬ C F ‫ס‬ $25/hour (for salary, benefits, training, and the costs of supporting telecommunications equipment).
• The initial rate at which workers' tenure ends (k 2 ) is 0.0125 per week and the rate at which they move into the more committed stage (k 1 ) is 0.05 per week as well. We assume that the rate at which workers' tenure ends from the committed stage (k 3 ) is 0.006 per week. This implies that 20% of employees end tenure within 4 months, while the overall average tenure is 3 years.
• The learning curve parameters, K and , are the same for both types of customers and for all server types, with weeks as the time unit. We assume that ‫ס‬ 40%. To determine K, the initial revenue supplied by a server after the first full week of work, we assume that he provides sufficient quality to break even. During this initial week the server can see 16 customers per hour and supplies each with a quality level of approximately L ‫ס‬ 1. This hour of service costs the firm $25. Therefore, we set K ‫ס‬ $25/16 ‫ס‬ $1.56. Note that sensitivity analyses indicate that neither doubling nor halving K changes substantially the insights provided by the following experiments.
Impact of Staff Mix on Cost and Quality.
To determine staffing requirements, we assume that the call center maintains the service standard that at least 99% of all customers must be served. There is a wide range of staff configurations that satisfy this 99% throughput constraint. The firm could staff only cross-trained workers, in effect merging the two customer streams into one. The firm could staff only specialists and manage the two customer streams independently. Staffing with any amount of cross-trained workers between 0 and the amount needed for a purely flexible work force (117 workers) is feasible. Note that the jaggedness of the plot is due to the integrality of the staff size.
It is clear from the figure that flexible workers are more efficient, in the sense that the same throughput can be achieved with fewer workers or, equivalently, at lower labor cost. This phenomenon has been explored in the queueing literature. For example, see Whitt (1990) for a discussion of similar economies of scale in a service system. Here we see that there are diminishing benefits to increasing the flexible component of the workforce. In fact, in this example there is little benefit to having more than 34 flexible workers out of a total workforce of 118, or 29%.
In Figure 5 we plot the monetary value of the average quality experienced by an arriving customer. In the notation of Equation (10), this is (
, or revenue divided by the arrival rate.
In general, the specialists provide higher quality service than the flexible workers. However, an entirely specialist workforce provides lower quality service than one with some flexible workers, the quality maximizing point being 7 flexible workers, or 6% of the total. This phenomenon can be explained by the fact that in each staffing arrangement the system is constrained to produce approximately the same output (i.e., at least 99% of all customers are served). When the system is staffed with only specialists, we require more workers to do the same amount of work as a system staffed with some flexible workers. This lowers server utilization, dilutes the experience gained by each worker, and reduces the quality of service delivered by the specialists. This effect is strongest when there are few flexible workers.
It is possible to increase the quality of service delivered generalists by using alternative routing schemes. For example, generalists might be segmented into pools. Each generalist pool serves the overflow from a single specialist queue and only sees another type of customer when there is an overflow from the other generalist pool. The routing scheme we use is simpler to manage and appears frequently in practice, but it is suboptimal in some cases. Determining optimal routings for all staffing levels is beyond the scope of this paper.
When is the Optimal Staff Mix Important?
A manager designing a service center must determine which customer types to group together for service by cross-trained workers and which types to service independently with specialists. Once this decision has been made, the service standard determines the number of workers of each type to staff. When there are two types of customers, the choice is often whether to staff only generalists to achieve high efficiency, or only specialists to achieve high-quality service. While a manager's intuition might suggest that an intermediate solution is best, such a choice is difficult to specify precisely, or to justify, without a model such as ours. In this section we determine when optimizing the staff mix is important by comparing the performance of optimal staffing with the two extreme strategies, 100% specialists or 100% generalists.
The results from §4.1.1 also suggest that the choice of workforce configuration involves a trade-off between the efficiency of cross-trained workers and the higher experience and quality of specialized workers. The dynamics of queueing systems show that the size of the system influences the efficiency gains created by cross-trained workers. On the other hand, the rate at which workers improve their quality of service through experience influences the impact of the staffing decisions on the quality of service experienced by the customer. Similarly the tenure process also affects the quality of service.
Here we first assume that the system under consideration is identical to the baseline system introduced at the beginning of §4.1. For this baseline system, the staffing configuration that maximizes profit, the Z-optimal system, has 49 specialized servers of each type and 21 flexible servers. The performances of this system and of the extreme configurations are summarized in Table 1. For the baseline system, the optimal configuration has a profit advantage of $0.14 per customer over the best of the extreme solutions, while the two extreme solutions are $0.08 apart. Of course, these results may change given different system sizes and different rates of learning, and to examine this possibility we now vary the arrival rates of both customer types and the learning rates of all employees. While the model developed in this paper also allows for differences in the service rates, learning curves, costs, and tenure processes of different classes of workers, we assume that these parameters are the same for all workers. This assumption enables us to focus attention on the questions of staff mix posed above. Figure 6 compares the optimal staff mix with the best of the two extreme staffing levels over a wide range of values and arrival loads. We can see that as the size of the system increases, the importance of choosing the optimal staff mix diminishes; and as the learning rate increases, the advantages of the optimal system increase. The figure suggests that for large systems it may be more important for the firm to known when to prefer one extreme over another, rather than the optimal mix of the two classes of workers. Figure 7 illustrates the benefits of making the correct choice between allflexible and all-specialized workers for different values of and arrival loads. The figure is a contour chart of the performance difference between the best and worst extreme solutions. The benefits are most significant in the corners. For example, when the arrival load is low and the learning rate is just 10%-20%, an all-flexible system is superior, with a profit advantage of $0.40-$0.60 per customer. When the system size and learning rates are high, specialized servers gain the advantage. Table 2 summarizes these perspectives on the importance of making the correct staffing choices.
The table provides information about how the system parameters affect the relative performance of the optimal staff mix and each extreme solution. Figure 6 suggests that we distinguish between systems with arrival loads fewer or greater than 70 workers. Note, however, that if we change the cost, turnover, or performance measures, or allow the parameters to vary among the different types of workers, the determination of the precise mix of staff may become more or less critical. In the next section we examine more closely how the optimal mix varies with the tenure process.
Changing the Tenure Process.
Recall that the parameters k 1 , k 2 , and k 3 specify the distribution of tenure for each server. It stands to reason that a change in any of these parameters will change the rate of turnover in the service system and therefore will affect the quality of service. In the example introduced above, the rate of departure from the committed state was k 3 ‫ס‬ 0.006, and the overall average tenure was three years. A reduction in k 3 should increase the average tenure, provide the average server with more time to "climb the learning curve," and produce higher quality service, on average.
Numerical experiments confirm this hypothesis. An increase in average tenure generally raises system performance, although all systems show decreasing marginal returns as the average tenure grows. In addition, when the learning rate is slow (small ), a change in the tenure process has a negligible impact on quality. When learning rates are relatively high, an increase in tenure can have a significant impact, particularly when the average tenure is already quite low.
While it is clear that the tenure process has a direct effect on the system performance, the impact on the model's optimal staffing decision is not immediately obvious. Sensitivity analysis demonstrates that when all worker types have the same tenure parameters, changes in tenure parameters have little effect on the optimal staffing configuration. For example, the optimal configuration of the baseline case does not change as the average tenure varies from 6 months to 12 years. The reasons for the relative insensitivity of staffing to tenure follow from these three facts:
1. For the symmetric system described above, the staffing configuration that maximizes revenue (the first term in Z, Equation (10)) is independent of the values of k 1 , k 2 , or k 3 . In Appendix A we restate this as a proposition and provide a proof. burnout at any one job. While this has the potential to increase overall tenure, such a rotation system may reduce the average experience level at each job position. The tenure and learning processes under a rotation system would be more complex than the simpler model proposed in this paper. However, the model proposed here is sufficient to demonstrate the fundamental structure of interactions between learning, turnover, efficiency and quality in a service center. 0 when neither overflow process is on, 1 when the A-overflow process is on, n ‫ס‬ 2 when the B-overflow process is on, 
F
With 4(N F ‫ם‬ 1) states, solving for the steady-state probabilities takes little time. When N F ‫ס‬ 250, the Gauss-Seidel procedure, implemented in the C programming language and running on a Pentium 120 processor, takes less than one second to converge.
Given steady-state probabilities p(m, n), the throughput of A-customers through the flexible servers is: 
